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Abstract 
In this thesis, the dependence of bifurcation region of flow structure on numerical 
conditions is clarified by numerical experiments of fluid simulations. The bifurcation region 
in the present thesis means the region of Reynolds number where flow structure changes 
from steady state to periodic motion. The lid-driven cavity flow is adopted as the calculation 
model. The basic equations are the continuity equation and the non-dimensional 
incompressible Navier-Stokes equations. We discretize the basic equations under the 
transformation to generalized coordinate system and calculate the velocity components and 
pressure by MAC (Marker And Cell) method. Effects of four kinds of numerical conditions 
time increment (∆!)∆! values of grid points, coefficient of artificial viscosity term (!) and 
amplitude of forcibly added randomness (r) for the bifurcation region are studied. It is shown 
that the increases of numerical nonlinear instabilities make the bifurcation region lower and 
the randomness which is added only into the localized regions where complicated structure 
exists induces the global bifurcation. It is elucidated that the numerical errors which are 




The visualized results of numerical simulations in the display sometimes seem to 
be different from those of true solutions. There are several papers [1, 2] which have 
reported that spurious solutions, which do not correspond to true solutions of 
original nonlinear different equations, frequently appear in solving differential 
equations numerically. In our opinions, an indispensable logical step is to study the 
effect of the numerical conditions of calculations on the structure of fluid 
simulations. In this thesis, we adopted the flow structure of driven cavity flow as a 
model [3]. Several studies show that results of fluid simulation may be affected by 
the numerical parameters [4, 5]. In present research, we studied dependence of the 
structure of the cavity flow on several numerical conditions. In particular, we 
focused on the bifurcation point (region) at which the fluid structure changes from 
steady state to periodical motion. 
 
2. Numerical algorithm and numerical conditions 
2.1 Basic equation 
The non-dimensional incompressible Navier-Stokes equations and the continuity 
equation are given as follows: div! = 0∂!∂t + ! ∙ ∇ ! = −∇! + 1!" ∆! + !"!, (1) 
where ! = (!, !), p and Re denote velocity vector, pressure and the Reynolds number, 
respectively. The term R is the forcibly added randomness and r is the parameter which 
denotes the strength of randomness. Randomness R is given by using pseudo-random 
number. 
 
2.2 Numerical algorithm 
We discretized the basic equations under the transformation to generalized 
coordinate system and calculated the velocity components and pressure by MAC 
(Marker And Cell) method [6]. 
All spatial derivatives except for those of the nonlinear convection term were 
discretized by using the central finite difference. For those of the convection terms, we 
considered parameter ! in order to discuss the effects of fourth order artificial viscosity 
term based on the third-order upwind schemes, ! !"!" = !!(−!!!! + 8!!!! − 8!!!! + !!!!)12∆! + ! !! !!!! − 4!!!! + 6!! − 4!!!! + !!!!4Δ! . (2) 
Viscous terms in incompressible Navier-Stokes equations are discretized by using the 
second order central difference scheme. For the time marching of the Navier-Stokes 
equations, the first order backward Euler implicit scheme is employed. 
 
2.3 Grid system 
Adopted model of our research is a flow in a driven cavity of which size is 1×1. The 
region is divided into N×N mesh points. The mesh points are strongly concentrated 
near the walls of the cavity.  
 
2.4 Boundary conditions 
On the walls, the velocities were set to zero. For the upper boundary of cavity, the 
fixed velocity ! = (1,0) was given. The pressure p on boundaries was set to zero. 
 
3. Results and discussion 
The calculations were done to non-dimensional time 12500 in all cases. Time series 
data of velocity component u were given at 60 sampling points from non-dimensional 
time 7500 to 12500 in all cases. We changed the Reynolds number from 9000 to 10200 at 
intervals of 100. 
 
3.1 Determination of bifurcation region 
Time series of u of a sampling point at Re=9900 (solid line) and Re=10000(dotted line) 
are shown in Fig.1, in the cases of ! = 1.0. We can find the amplitude of u at Re=9900, 5×10!!, is quite different from that at Re=10000, 3×10!!. We determined that the 
bifurcation occurs in this region.  
 
Fig.1: Profiles of time series of u in cases of Re=9900(solid line)  
and Re=10000(dotted line). 
 
3.2 Effect of ∆t and ∆x 
In present research, we calculated in case of three different values of ∆!, 0.0005, 
0.0008 and 0.001. Figure 2 shows the profile of change of the bifurcation region with 
increasing ∆! value. In this figure, the diamond points are the upper boundary of 
bifurcation and the square points are the lower boundary of bifurcation. From the graph 
in fig. 2 we can find that the bifurcation regions become lower with increasing ∆! value. 
  It is elucidated the increasing ∆! introduces nonlinear components into system and 
makes the results of simulation unstable. 
       
Fig. 2: Re of bifurcation region becomes     Fig. 3: Re of bifurcation region becomes 
lower with increasing ∆! value.             lower with increasing number of grid 






















Next we discuss the effect of ∆!. In present research we employed four kinds of 
number of grid points (101×101, 151×151, 201×201, 251×251), where minimum distance 
of grid points (!!"#) set to be 0.0003. Figure 3 shows the profile of change of bifurcation 
region with different number of grid points in case of !!"# = 0.0003. We can find that 
the bifurcation regions become lower with increasing number of grid points. From these 
experiments, it is obvious that in the coarse grid system a lot of sub-grid scale 
instability may be ignored. Therefore the nonlinear physical instability is properly 
introduced in cases of fine grid systems and the bifurcation region becomes lower. In the 
cases of more grid points, which correspond the cases of the lower ∆! value, more 
high-wavenumber components which induce the periodical flow structure are 
introduced.. 
 
3.3 Effect of fourth-order artificial viscosity term 
In present research, effects of forth-order artificial viscosity term are studied. We 
observed that the results of simulations diverged when parameter ! in eq.(2) is less 
than 0.6 or large than 1.4. Consequently, in present experiments, the value of ! was 
changed from 0.6 to 1.4 to avoid the divergence. In fig.4, we plotted the bifurcation 
region. From this figure, we can find that bifurcation regions become higher with 
increasing !  value. It is obvious that the high wavenumber instability does not 
dissipate and the Reynolds number of bifurcation region becomes lower in cases of 
smaller ! values. 
 
 
Fig. 4: Re of bifurcation region becomes higher with increasing ! value 
 
3.4 Effect of the forcibly added randomness 
We assume the numerical errors which are inserted to the calculation system to be 












the present experiment, the calculations hardly converge when r value in eq.(1) are 
larger than 10!!. On the other hand, we cannot find the effect of randomness when r 
value are less than 10!!. Figure 5 shows the profile of the change of bifurcation region 
with increasing r value. From this figure, we can find that bifurcation regions become 
higher with decreasing r value drastically in the region from 7×10!! to 5×10!!. 
 
 
Fig. 5: Re of bifurcation region becomes lower with increasing r value 
 
In order to discuss the effect of distribution of forcibly added randomness, we 
employed the 4×4 blocks and add randomness into only several parts of blocks. 
We define the factor of effectiveness σ in order to compare the effectiveness of 
randomness for each block: ! = !!!! , 
where, !! is the total count of cases in which randomness is added in block i and !! is 
the total count of cases in which the periodical flow are given. Figure 6 shows the value 
of σ in each block and the vortical structure of flow. It is clear that the values of σ are 
different and the added randomness in blocks where large values of σ  are given 
destabilizes the system more. 
By comparing figure 6(a) with 6(b), it is found that the red blocks in fig. 6(a) 
correspond to the areas where complicated structure of flow can be seen in fig. 6(b). 
These results elucidate that the areas where complicated flow structure exists may be 












                   
(a)value of σ in each block with 4×4 blocks            (b)structure of flow 
Fig. 6 compare of σ value in different blocks and the structure of flow 
 
4. Conclusion 
  In the present research, we tried to find out the relationship between several 
numerical conditions and computed results. We investigated this point by studying the 
bifurcation region of the flow of the lid-driven cavity model. 
 From all of our research, it is obvious that the increasing of physical and numerical 
nonlinear instabilities induce the bifurcation of flow structure. The larger ∆! values 
induce the results of the simulation instability. The bifurcation becomes lower with 
increasing number of grid points. The high wavenumber instability becomes stronger 
and the Reynolds number of bifurcation region becomes lower in cases of smaller ! 
values. The numerical errors inserted by the numerical conditions affect the structure of 
numerical solutions. Though, it is not clear whether numerical errors are random or not, 
we also studied the dependence of bifurcation region on the forcibly added randomness. 
It is shown that a little difference of randomness induces the change of bifurcation 
region. Furthermore, it is clarified that the numerical errors only added into the 
localized region where complicated structure exists induce the global bifurcation by the 
experiments of forcibly added randomness. 
  There are a lot of other numerical conditions which affects characteristic of numerical 
simulation results. The research proposed in this study is indispensable to get 
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